In this paper, we introduce the notion of α-ψ-contractions and (α)-admissibility for a pair of mappings. In fact, our theorem is a generalization of the result of Mursaleen et al. (Fixed Point Theory Appl. 2012,
Introduction
The aim of this paper is to determine some coupled coincidence point theorems for generalized contractive mappings in the framework of partially ordered metric spaces.
Preliminaries
Before proceeding to our main result, we give some preliminaries.
Definition . []
Let (X, ≤) be a partially ordered set, and let F : X × X → X be a mapping. Then F is said to have the mixed monotone property if F(x, y) is monotone non-©2013 Kaushik et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2013/1/325 decreasing in x and is monotone non-increasing in y; that is, for any x, y ∈ X,
Definition . [] An element (x, y) ∈ X × X is said to be a coupled fixed point of the mapping F :
) be a partially ordered set, and let F : X × X → X and g : X → X be two mappings. We say F has the mixed g-monotone property if F is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in its second argument, that is, for any x, y ∈ X
and F(y, x) = g(y).
Definition . []
Let X be a non-empty set and F : X × X → X and g : X → X. We say F and g are commutative if g(F(x, y)) = F(g(x), g(y)). 
Definition . [] Denote by the family of non-decreasing functions
Now, we will introduce our notions.
Definition . Let (X, d) be a partially ordered metric space, and let F : X × X → X and g : X → X be two mappings. Then the maps F and g are said to be (α, ψ)-contractive if there exist two functions α :
.
Then F and g are said to be (α)-admissible if
Main results
Recently, Mursaleen et al.
[] proved the coupled fixed point theorem with α-ψ -contractive conditions in a partially ordered metric space as follows.
Theorem . []
Let (X, ≤) be a partially ordered set, and let there exist a metric d on X such that (X, d) is a complete metric space. Let F : X × X → X be a mapping, and suppose that F has the mixed monotone property. Suppose that there exist ψ ∈ and α :
[, +∞) such that for x, y, u, v ∈ X, the following holds: 
, g is continuous and commutes with F.
then F and g have a coupled coincidence point, that is, there exist x, y ∈ X such that F(x, y) = g(x) and F(y, x) = g(y).
Proof Let x  , y  ∈ X be such that
Continuing this process, we can construct two sequences {x n } and {y n } in X as follows:
g(x n+ ) = F(x n , y n ) and g(y n+ ) = F(y n , x n ) for all n ≥ . Now we will show that g(x n ) ≤ g(x n+ ) and g(y n ) ≥ g(y n+ ) for all n ≥ .
(.)
For n = , since g(x  ) ≤ F(x  , y  ) and g(y  ) ≥ F(y  , x  ) and as g(x  ) = F(x  , y  ) and g(y  ) = F(y  , x  ), we have
Thus (.) holds for n = . Now suppose that (.) holds for some fixed n ≥ . http://www.fixedpointtheoryandapplications.com/content/2013/1/325
Then since g(x n ) ≤ g(x n+ ) and g(y n ) ≥ g(y n+ ), therefore, by the g-mixed monotone property of F, we have g(x n+ ) = F(x n+ , y n+ ) ≥ F(x n , y n+ ) ≥ F(x n , y n ) = g(x n+ ) and g(y n+ ) = F(y n+ , x n+ ) ≤ F(y n , x n+ ) ≤ F(y n , x n ) = g(y n+ ).
From above, we conclude that g(x n+ ) ≤ g(x n+ ) and g(y n+ ) ≥ g(y n+ ).
Thus, by mathematical induction, we conclude that (.) holds for all n ≥ .
If the following holds for some n
then, obviously, F(x n , y n ) = g(x n ) and F(y n , x n ) = g(y n ), i.e., F has a coupled coincidence point. Now, we assume that (x n+ , y n+ ) = (x n , y n ) for all n ≥ n(ε). Since F and g are α-admissible, we have that
Thus, by mathematical induction, we have
From (.) and conditions (i) and (ii) of the hypothesis, we get
Similarly, we have
Adding (.) and (.), we get
Repeating the above process, we get
For ε > , there exists n(ε) ∈ N such that
Let n, m ∈ N be such that m > n > n(ε), then by using the triangle inequality, we have
hence g(x n ) and g(y n ) are Cauchy sequences in (X, d).
There exist x, y ∈ X such that lim n→∞ g(x n ) = x and lim n→∞ g(y n ) = y. By the continuity of g, we have
By commutativity of F and g, we get
We now show that
y) and g(y) = F(y, x).
Proceeding with limit n → ∞ and using the continuity of F in (.) and (.), we get
Thus,
g(x) = F(x, y) and g(y) = F(y, x).
Hence, we have proved that F and g have a coupled coincidence point.
Now, we will replace the continuity of F in Theorem . by a condition on sequences. Proof Proceeding along the same lines as in the proof of Theorem ., we know that {g(x n )} and {g(y n )} are Cauchy sequences in the complete metric space (X, d). Then there exist x, y ∈ X such that lim n→∞ g(x n ) = x and lim n→∞ g(y n ) = y. http://www.fixedpointtheoryandapplications.com/content/2013/1/325
On the other hand, from the hypothesis, we obtain
and similarly,
Using the triangle inequality, (.) and the property of ψ(t) < t for all t > , we get
Similarly, using (.), we have
Proceeding with limit n → ∞ in above two inequalities, we get Thus (.) holds for ψ(t) = t for all t > , and we also see that F satisfies the g-mixed monotone property as well as F and g commute. Therefore, all the hypotheses of Theorem . are fulfilled. Then there exists a coupled coincidence point of F and g. In this case, (, ) is a coupled coincidence point of F and g.
